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DERIVED CLASS OF m-CLUSTER TILTED ALGEBRAS OF TYPE A˜
VIVIANA GUBITOSI
Abstract. In this paper, we characterize all the finite dimensional algebras that are derived
equivalent to an m−cluster tilted algebras of type A˜. This generalizes a result of Bobiński and
Buan [9].
Introduction
Cluster categories were introduced in [11] as a representation theoretic framework for the cluster
algebras of Fomin and Zelevinski [17]. The clusters correspond to the tilting objects in the cluster
category.
Given an hereditary finite dimensional algebraH over an algebraically closed field k them-cluster
category is defined to be Cm(H) := Db(H)/τ−1[m], where [m] denotes the m-th power of the shift
functor [1] and τ is the Auslander - Reiten translation in Db(H). By a result of Keller [20], the
m-cluster category is triangulated. For the m-cluster category, m-cluster tilting objects have been
defined by Thomas, in [23], who in addition showed that they are in bijective correspondence with
the m-clusters associated by Fomin and Reading to a finite root system in [16]. The endomorphism
algebras of them-cluster tilting objects are calledm-cluster tilted algebras or, in casem = 1, cluster
tilted algebras.
In [1], Assem et al. showed that cluster tilted algebras coming from triangulations of the disc
or the annulus with marked points on their boundaries are gentle, and, in fact, that these are the
only gentle cluster tilted algebras. The class of gentle algebras defined by Assem and Skowroński
in [4] has been extensively studied, see [2, 7, 9, 13, 21, 22], for instance, and is particularly well
understood, at least from the representation theoretic point of view. This class includes, among
others, iterated tilted and cluster tilted algebras of types A and A˜, and, as shown in [22], is closed
under derived equivalence.
When studying module categories, one is often interested in them up to derived equivalence,
or tilting-cotilting equivalence. In [13], Buan and Vatne gave a criterion to decide whether two
cluster tilted algebras of type A are themselves derived equivalent or not. This has been done
using the determinant of the Cartan matrix as derived invariant, as well as mutations of quivers.
Later, Bastian, in [8], gave an analogous classification for the A˜ case. She used another thinner
derived invariant, the function φ introduced by Avella-Alaminos and Geiss in [7]. In [9] a more
general question has been considered, namely the characterization of the algebras that are derived
equivalent to cluster tilted algebras of type A or A˜. Again, in this paper the map φ is of central
importance, and the characterizations therein are given in terms of this map. In another direction,
results analogous to those of [13] have been established for m-cluster tilted algebras of type A by
Murphy in [21]: he described these algebras by quivers and relations, and gave a criterion permitting
to decide whether two m-cluster tilted algebras of type A are derived equivalent or not. Again, he
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2 V. GUBITOSI
used the determinant of the Cartan matrix as in [13], but “elementary polygonal moves” instead of
– but equivalently to – mutations. Later, Bustamante and Gubitosi, in [14], classified the algebras
that are derived equivalent to m-cluster tilted algebras of type A using the Hochschild cohomology
ring as derived invariant.
The aim of this paper is to classify the algebras that are derived equivalent to m-cluster tilted
algebras of type A˜. Since it will be turn out that the algebras we are interested in are gentle, we
can use the function φ as a derived invariant.
We now state the main result of this paper (for the definitions of the terms used, we refer the
reader to sections 1 and 3 below).
Theorem A. Let Q be a quiver having a root cycle. A connected algebra A = kQ/I is derived
equivalent to a connected component of an m-cluster tilted algebra of type A˜ if and only if A is
A˜-branched.
In particular, specializing to the case m = 1, we recover known results of [9], and we obtain a
criterion allowing to decide whether or not an algebra is derived equivalent to a cluster tilted algebra
of type A˜. The latter is very easy to use, as it does not require any computation, in contrast with
the known result of [9]. Until now it was not known whether the function φ is a complete derived
invariant in general, here, we prove that this is not the case by furnishing a counterexample in the
case of algebras derived equivalent to an m-cluster tilted algebra of type A˜.
The paper is organized as follows: In section 1 we recall facts about gentle algebras, derived
and tilting-cotiling equivalences, and m-cluster tilted algebras. Also we recall what Brenner-Butler
tilting modules and the Avella-Alaminos-Geiss map are. In section 2 we establish the facts about
m-cluster tilted algebras of type A˜ that will be used in the sequel. In section 3 we introduce what we
call A˜-branched algebras, precisely those named in the theorem above, and in section 4 we introduce
what normal forms are (two particular classes of A˜-branched algebras). In section 5 we start the
procedure to reduce an A˜-branched algebra to a normal form. Section 6 and 7 are devoted to the
proof of the main theorem and some consequences, among which we recover the known results
mentioned above.
1. Preliminaries
1.1. Gentle algebras. While we briefly recall some concepts concerning bound quivers and alge-
bras, we refer the reader to [3] or [5], for instance, for unexplained notions.
Let k be a commutative field. A quiver Q is the data of two sets, Q0 (the vertices) and Q1 (the
arrows) and two maps s, t : Q1 → Q0 that assign to each arrow α its source s(α) and its target
t(α). We write α : s(α)→ t(α). If β ∈ Q1 is such that t(α) = s(β) then the composition of α and β
is the path αβ. This extends naturally to paths of arbitrary positive length. The path algebra kQ
is the k-algebra whose basis is the set of all paths in Q, including one stationary path ex at each
vertex x ∈ Q0, endowed with the multiplication induced from the composition of paths. In case
|Q0| is finite, the sum of the stationary paths - one for each vertex - is the identity.
If the quiver Q has no oriented cycles, it is called acyclic. A relation in Q is a k-linear combination
of paths of length at least 2 sharing source and target. A relation which is a path is called monomial,
and the relation is quadratic if all the paths appearing in it have length 2. Let R be a set of relations.
Let 〈Q1〉 denote the two-sided ideal of kQ generated by the arrows, and I be the one generated by
R. Then I ⊆ 〈Q1〉2. The ideal I is called admissible if there exists a natural number r > 2 such
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that 〈Q1〉r ⊆ I. The pair (Q, I) is a bound quiver, and associated to it is the algebra A = kQ/I. It
is known that any finite dimensional basic and connected algebra over an algebraically closed field
is obtained in this way, see [3], for instance.
Recall from [4] that an algebra A = kQ/I is said to be gentle if I = 〈R〉, with R a set of monomial
quadratic relations such that :
G1. For every vertex x ∈ Q0 the sets s−1(x) and t−1(x) have cardinality at most two;
G2. For every arrow α ∈ Q1 there exists at most one arrow β and one arrow γ in Q1 such that
αβ 6∈ I, γα 6∈ I;
G3. For every arrow α ∈ Q1 there exists at most one arrow β and one arrow γ in Q1 such that
αβ ∈ I, γα ∈ I.
Gentle algebras are special biserial (see [24]), and have extensively been studied in several con-
texts, see for instance [7, 9, 13, 21, 22].
1.2. Tilting-cotilting, and derived equivalences. Given a finite dimensional algebra A = kQ/I
a tilting module is a finitely generated right A-module of projective dimension less than or equal to
1, having no self extensions and exactly |Q0| indecomposable non isomorphic direct summands, [3].
The notion of cotilting module is defined dually. Given a tilting A-module T , with A hereditary, the
algebra EndA T is said to be tilted. Two algebras A and B are said to be tilting-cotilting equivalent
if there exists a finite sequence of algebras A = A0, A1, . . . , Ar = B and Ai-tilting (or cotilting)
modules Ti such that Ai+1 = EndAi Ti for i ∈ {0, 1, . . . , r − 1}.
Denote by Db(A) the bounded derived category of finite dimensional right A-modules. Its objects
are bounded complexes of finite dimensional right A-modules, and morphisms are obtained from
morphisms of complexes by localizing with respect to quasi-isomorphisms (see [19]). The category
Db(A) is triangulated, with translation functor induced by the shift of complexes. Two algebras
A and B are derived equivalent if the categories Db(A) and Db(B) are equivalent as triangulated
categories. It has been shown by Happel [19] that if two algebras are tilting-cotilting equivalent,
then they are derived equivalent. Moreover, Schröer and Zimmermann showed in [22] that the class
of gentle algebras is stable under derived equivalence.
1.3. Brenner - Butler tilting modules. Let (Q, I) be a gentle bound quiver without loops and
x ∈ Q0 such that whenever there is an arrow α leaving x, then there is an arrow β entering x,
such that αβ 6∈ I. This includes for instance the vertices that are not the source of any arrow, but
excludes the sources of Q. Since (Q, I) is gentle, the vertex x has at most two arrows leaving it,
say α0 and α1. If this is the case, let β0, β1 be the arrows such that αiβi 6∈ I, for i ∈ {0, 1}. Read
indices modulo 2, then for each i, there exists at most one arrow γi+1 such that βiγi+1 ∈ I. Note
that since the algebra is gentle, we have βi+1αi, βiγi+1 ∈ I (see the left figure on next page).
In [2] Assem and Happel showed that an algebra whose quiver is a gentle tree is tilting-cotilting
equivalent to an hereditary algebra of type A. This had been done by explicitly giving a sequence
of tilting and cotilting modules. At each stage the gentle tree is transformed until the quiver of
type A is reached. We will exhibit an analogous process, called “elementary transformation over a
vertex” in [6, Section 7], see also [9, Section 2] or [14, Section 6].
1.1. Definition. Let (Q, I) be a gentle bound quiver, and x as above. With these notations the
bound quiver obtained by mutating (Q, I) at x is the bound quiver defined by (Q′, I ′) = σx(Q, I)
where:
• Q′0 = Q0,
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• Q′1 = Q1\{αi, βi, γi|i = 0, 1} ∪ {α′i, β′i, γ′i|i = 0, 1} such that α′i : bi → ai, β′i : x → bi,
γ′i : ci → x.
Let R be a minimal set of relations generating I, in particular it contains αiβi+1, βiγi+1. Let R′
be obtained by replacing in R the latter by α′iβ′i+1, β′iγ′i+1 for i = 0, 1, and, again, indices are to be
read modulo 2. Then I ′ is the ideal generated by R′.
In the sequel, a dotted line joining two arrows means, as usual, that their composition belongs
to I.
a0 b1
β1}}
c0
γ0
oo
x
α0
aa
α1
}}
a1 b1
β0
aa
c1γ1
oo
a0 b1
α′0
oo c0
γ′0}}
x
β′1
aa
β′0
}}
a1 b1
α′1
oo c1
γ′1
aa
(Q, I) σx(Q, I).
We have the known result:
1.2. Lemma ([10]). Let A = kQ/I be a gentle algebra and x ∈ Q0 as above. Then
a) The module Tx = τ−1Sx ⊕ T =
⊕
y 6=x
Py is a tilting A-module;
b) The quiver of EndA(Tx) is precisely σx(Q, I).
The tilting module Tx is called the Brenner - Butler tilting module at x, or BB tilting module,
for short. In an analogous way one can define the BB cotilting module at a vertex y, and the
corresponding mutation σ′y on the bound quivers.
1.4. The Avella Alaminos - Geiss map φ. As mentioned before, in [9] the map φ, which is a
derived invariant for gentle algebras [7], is the main tool used to establish the derived equivalence
classification therein. It is a map φ : N×N→ N that counts special sequences of paths and relations
in a gentle quiver (Q, I). We are interested in characterizing this map for normal forms N˜n1,k1,n2,k2,r
and Bk,n,t defined in section 4. In what follows we closely follow the exposition of [7].
Let A = kQ/I be a gentle algebra. A permitted thread of A is a path w = α1α2 · · ·αn not
belonging to I, and of maximal length for this property. A forbidden thread is a sequence pi =
αnα2 · · ·α1 formed by pairwise different arrows with maximal length and such that αi+1αi ∈ I for
all i ∈ {1, 2, · · · , n− 1}.
We also need trivial permitted and forbidden threads. Let x ∈ Q0 be such that the sets s−1(x)
and t−1(x) have both cardinality at most one. The stationary path at x is a trivial permitted thread
if when α ending at x and β starting in x are two arrows, then βα 6∈ I. We denote this thread by
hx. Similarly, the stationary path at x is a trivial forbidden thread if when α ending at x and β
starting in x are two arrows, then βα ∈ I. We denote by px this thread. Assume x and y are two
vertices such there is only one arrow α entering x, an arrow β : x→ y, and only one arrow γ leaving
y. If both βα, γβ ∈ R, then β is a permitted thread, whereas in case βα, γβ 6∈ R the arrow β is a
forbidden thread.
Given that (Q, I) is gentle, from [15] one knows that there exist maps σ, ε : Q1 → {±1} satisfying:
• σ(β0) = −σ(β1) whenever β0 and β1 are arrows sharing their source;
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• ε(β0) = −ε(β1) whenever β0 and β1 are arrows sharing their target;
• If βα is a path not belonging to I, then σ(β) = −ε(α).
These maps, that one can set “quite arbitrarily”, as noted in [15, p. 158], extend to paths, thus
to threads: given w = αn · · ·α2α1, set σ(w) = σ(α1) and ε(w) = ε(αn). We extend this to trivial
threads as follows: If hx is a trivial permitted thread, the connectedness of Q assures the existence of
an arrow γ leaving x or an arrow β ending at x. Then in the first case put σ(hx) = −ε(hx) = −σ(γ),
for the second case put σ(hx) = −ε(hx) = ε(β). Similarly, if px is the trivial forbidden thread
at x, we know that there exists an arrow α leaving x or an arrow β ending at x. Then put
σ(px) = ε(hx) = −σ(α), for the first case and put σ(px) = ε(hx) = −ε(β), for the second case.
Given a path w, denote by `(w) its length, that is its number of arrows.
1.3. Algorithm (Avella - Alaminos and Geiss [7]). Let A = kQ/I be a gentle bound quiver, for
which all permitted and forbidden threads are determined.
(1) (a) Begin with a permitted thread H0 of A,
(b) If Hi is defined, let Pi be the forbidden thread sharing target with Hi and such that
ε(Hi) = −ε(Pi),
(c) Let Hi+1 be the permitted thread sharing source with Pi and such that σ(Hi+1) =
−σ(Pi).
The process stops if Hn = H0 for some natural number n. In this case, let m =∑
16i6n `(Pi)
(2) Repeat step 1 until all permitted threads of A have been considered;
(3) If there are (oriented) cycles w with full relations, add a pair (0, `(w)) for each of those
cycles;
(4) Define φA : N×N→ N by letting φA(n,m) be the number of times the pair (n,m) appears
in the algorithm.
Theorem A in [7] asserts that φ is a derived invariant, but so far, it was only known to be a
complete derived invariant in some particular cases, see [7, Theorem C] or [6]. Here, we show that
it is not a complete derived invariant in general. Namely, we shall exhibit a class of gentle algebras
for which φ is not a complete derived invariant.
1.5. m-cluster tilted algebras. Let H ' kQ be an hereditary algebra. The derived category
Db(H) is triangulated, the translation functor, denoted by [1], being induced from the shift of
complexes. For an integer n, we denote by [n] the composition of [1] with itself n times, thus
[1]n = [n]. In addition, Db(H) has Auslander-Reiten triangles, and, as usual, the Auslander-Reiten
translation is denoted by τ .
Let m be a natural number. The m-cluster category of H is the quotient category Cm(H) :=
Db(H)/τ−1[m] which carries a natural triangulated structure, see [20]. Following [23] we consider
m-cluster tilting objects in Cm(H) defined as objects satisfying the following conditions:
(1) HomCm(H)(T,X[i]) = 0 for all i ∈ {1, 2, . . . ,m} if and only if X ∈ add T ,
(2) HomCm(H)(X,T [i]) = 0 for all i ∈ {1, 2, . . . ,m} if and only if X ∈ add T .
The endomorphism algebras of such objects are called m-cluster tilted algebras of type Q. In
case m = 1, this definition specializes to that of a cluster tilted algebra, a class intensively studied
since its definition in [12].
In [1] it has been shown that cluster tilted algebras are gentle if and only if they are of type A
or A˜. In [13] Buan and Vatne gave the derived equivalence classification of cluster tilted algebras
of type A. They showed that two cluster tilted algebras of type A are derived equivalent if and
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only if their quivers have the same number of 3-cycles with full relations and the same number of
arrows. Later, in [8] the same work has been done for cluster tilted algebras of type A˜. Moreover,
in [9], the algebras that are derived equivalent to cluster tilted algebras of types A or A˜ have been
classified. In this classification, again, combinatorial data of the involved bound quiver is of central
importance.
On the other hand, using arguments similar to those of [1], Murphy showed in [21] that m-cluster
tilted algebras of type A are gentle and he described the connected components of m-cluster tilted
algebras up to derived equivalence, a result analogous to that of [13]. Later, a similar work has been
done in [18] for m-cluster tilted algebras of type A˜, where it is shown that m-cluster tilted algebras
of type A˜ are gentle and their possible bound quivers are described. Moreover, in [14] the algebras
that are derived equivalent to m-cluster tilted algebras of type A have been classified. They are
called branched algebras [14, Definition 4.3].
2. m-cluster tilted algebras of type A˜
Given a bound quiver (Q, I) and an integer m, a cycle is called m-saturated if it is an oriented
cycle consisting of m + 2 arrows such that the composition of any two consecutive arrows on this
cycle belongs to I. Recall that two relations r and r′ in the bound quiver (Q, I) are said to be
consecutive if there is a walk v = wr = r′w′ in (Q, I) such that r and r′ point in the same direction
and share an arrow.
2.1. Definition. [18, Definition 7.2] Let C˜ be a cycle without relations (oriented or not) and fix an
orientation of its arrows. We say that an algebra A ∼= kQ/I is an algebra with root C˜ if its bound
quiver can be constructed as follows:
(1) We add to the cycle C˜ gentle quivers in such a way that the final quiver remains gentle and
connected. These added gentle quivers can only have m-saturated cycles. We call these
quivers rays.
(2) We can add relations to the cycle C˜. If the cycle C˜ is oriented then we must add at least
one relation.
Also, we will refer to the cycle C˜ as the root cycle.
Let C˜ be a cycle and A an algebra with root C˜. Each ray of A can share with the cycle C˜ at most
m + 2 vertices. If it shares just one vertex, this vertex is the union vertex of the ray. If it shares
more than one vertex, the ray and the cycle C˜ are connected through an m-saturated cycle. For
each union vertex there is at least one relation ρ involving at least one arrow of C˜. If both arrows
of ρ belong to the root cycle, ρ is called internal union relation of the ray. If instead just one arrow
of ρ belongs to the root cycle, ρ is called external union relation of the ray.
2.2. Remark. Because of [18, Lemma 7.11] we know that if an m-saturated cycle shares with the
root cycle k− 1 arrows counterclockwise oriented and m+ 2−k+ 1 arrows clockwise oriented, then
one of the following holds:
(a) there is at least k − 2 clockwise internal relations or at least m + 2 − k counterclockwise
internal relations.
(b) there is anotherm-saturated cycle sharing with the root cycle k−1 arrows clockwise oriented
and m+ 2− k + 1 arrows counterclockwise oriented.
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For m > 2, an m-cluster tilted algebras of type A˜ (as is the case for type A) does not have to be
connected. However we will work with the connected component containing the non saturated cy-
cle. Every other component corresponds to an m-cluster tilted algebra of type A, and consequently
we know its derived class. See [14].
Theorem. [18, Theorem 7.16] A connected algebra A = kQ/I is a connected component of an m-
cluster tilted algebra of type A˜ if and only if (Q, I) is a gentle bound quiver satisfying the following
conditions:
(a) It contains a non-saturated cycle C˜ in such a way that A is an algebra with root C˜.
(b) If it contains more cycles, then all of them are m-saturated cycles.
(c) Outside of an m-saturated cycle it can have at most m− 1 consecutive relations.
(d) If C˜ is an oriented cycle, then it must have at least one internal relation.
(e) If there are internal relations in the root cycle, then the number of clockwise oriented rela-
tions is equal modulo m to the number of counterclockwise oriented.
As in the case of m-cluster tilted algebras of type A with (m > 2), the class of m-cluster tilted
algebras of type A˜ is not closed under derived equivalence; that is, it is possible for an m-cluster
tilted algebra of type A˜ to be derived equivalent to an algebra which is not m-cluster tilted.
2.3. Example. Consider the following quiver Q:
. β1
##.
β4 ;;
.
β2{{
.oo .oo
.β3
cc
.
cc
{{
.
α3
oo .
α2
oo .
α1
oo
.
cc
.oo .oo
Let I1 be the ideal generated by relations of the form βiβi+1 for i ∈ {1, 2, 3, 4} where indices are
to be read modulo 4. Then kQ/I1 is a 2-cluster tilted algebra of type A˜. On the other hand let I2
be I1 plus the ideal generated by the relations αiαi+1. The algebra kQ/I2 is not 2-cluster tilted,
but the two algebras are derived equivalent, as we shall see.
Our aim is to classify the algebras that are derived equivalent to m-cluster tilted algebras of type
A˜. Since the derived class of m-cluster tilted algebras of type A is well understood [14], it remains
to find the connected algebras that are derived equivalent to the connected component having the
root cycle.
3. A˜-branched algebras
Let A be an algebra with root and let S be the set of all arrows in the quiver of A not belonging
to any m-saturated cycle.
3.1. Definition. The number of free clockwise arrows in S is equal to the number of clockwise ori-
ented arrows on the root cycle that are not involved in any internal union relation plus the number
of clockwise internal union relations plus the number of arrows on the rays associated to clockwise
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union relations (internal or external).
Dually, we define the number of free counterclockwise arrows.
We conjecture that the algebras that satisfy the following definition are the algebras that we are
interested in.
3.2. Definition. We say that a connected algebra B = kQ/I is A˜-branched if B satisfies the
following conditions:
(a) There is a cycle C˜ in Q in such a way that B is an algebra with root C˜.
(b) In the root cycle the number rh of clockwise oriented relations is the same modulo m that
the number ra of counterclockwise oriented relations.
(c) If |rh − ra| = r = α(m − 1) + β (with β < m − 1), then there must exist r + 1 + ε free
arrows not belonging to any m-saturated cycle on the clockwise sense if rh > ra or in the
counterclockwise sense otherwise. Here,
ε =
{
α− 1, if β = 0 ;
α, if β 6= 0 .
Let R be a ray of an A˜-branched bound quiver. It follows from [14, Proposition 6.5] that the
algebra associated to R is tilting-cotilting equivalent to an algebra without relations. That is, an
algebra whose quiver has m-saturated cycles possibly separated by arrows.
According to the next remarks we can move closer together the cycles and assume that any two
of them can be attached at the vertex that we choose.
3.3. Remark. Applying the mutation σ′c to the gentle bound quivers:
. bm+1

c1 .
z .
II
b

c
CC
oo .
		
a
.
UU
b1 cm+1
[[
.
. bm+1

c1 .
z .
II
b

// c
CC
.
		
a
.
UU
b1 cm+1
[[
.
we obtain respectively the gentle bound quivers:
. bm+1

cm+1

.
z .
II
b
 
.
VV
.
UU
b1 c .
HH
c1
]]
a
. bm+1

c1 .
z .
II
b

GG
.
.
UU
b1 c

WW
.
cm+1
a
(where the vertex a is the union vertex of the ray).
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3.4. Remark. Let B and C be two m-saturated cycles. Assume that they are attached at the vertex
c. Applying the mutation σ′c we move the vertex c one place in the direction of the cycle B.
bm+1

B b3
bm+2
!!
b2
OO
c

AA
cm+2
<<
c2

cm+1
OO
C c3
σ′c7−→
bm+1

B b3 c3 // c4
bm+2
  
c
OO BB
C
c2
BB
b2
\\
cm+2oo
Therefore, we can assume that every ray has the following form:
. .

. .

. .
(∗) z
FF
.

GG
.

.
GG
.

. . . a
.
XX
. .
WW
.
WW
.
where the vertex a is the union vertex. Recall that here the orientation of the linear part is not
fixed like in the normal form of m-cluster tilted algebras of type A given in [21].
In light of the preceding result, we introduce a somehow intermediate class of A˜-branched alge-
bras.
3.5. Definition. An A˜-branched algebra B = kQ/I is said to be solar if every ray of (Q, I) has the
form (∗) above.
Given a ray R in a solar algebra let a be its union vertex and α the adjacent arrow. We say that
the ray R is:
a) incoming to the root cycle if t(α) = a.
b) outgoing to the root cycle if s(α) = a.
It follows from the previous remarks that every A˜-branched algebra is tilting-cotilting equivalent
to a solar algebra, then in the sequel we will work with the smaller class of solar algebras.
4. Normal forms
It is our aim to show that every solar algebra with a given number k, of m-saturated cycles is de-
rived equivalent to one of the following normal forms having the same number ofm-saturated cycles.
4.1. Definition. For n1, n2 ∈ N∗, k1, k2 ∈ N and r ∈ Z we define the non-oriented normal form
N˜n1,k1,n2,k2,r to be the following A˜-branched algebra given as a quiver with relations:
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.
γm+11



.
.
α1 // .
α2 // .
α3 // .
αr // . .
αr+s // .
αr+s+1
// .
γ11
TT
.
γm+1k2

.
.
αr+s+k2 
0
α0
EE
β0

.
γ1k2
JJ
δ1k1

.
βn+k1
BB
.
.
β1
// .
β2
// .
β3
// .
βn
// .
βn+1 // .
δ11



.
δm+1k1
]]
.
δm+11
TT
.
where every oriented cycle is m-saturated.
• n1 = n+ 1 + k1 is the number of arrows counterclockwise oriented.
• k1 is the number of counterclockwise m-saturated cycles.
• n2 = r + s+ 1 + k2 is the number of arrows clockwise oriented.
• k2 is the number of clockwise m-saturated cycles.
• r is the number of clockwise oriented relations if r ≥ 0 or counterclockwise oriented if r < 0.
• |r| ≡ 0 modulo m.
• Si r = α(m− 1) + β (with β < m− 1), then s ≥ r + 1 + ε, where
ε =
{
α− 1, if β = 0 ;
α, if β 6= 0 .
4.2. Definition. For k, n, t ∈ N∗ and n ≥ 1 we define the oriented normal form Bk,n,t to be the
following A˜-branched algebra given as a quiver with relations:
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.
γm+1k
		
.
n+t−1
αn+t−1 // n+t
αn+t
// .
γ1k
TT
.γm+12
ww
n+1 .

.
n
αn
OO
.
αn+t+k−1

γ12
>>
n−1
βn−1
OO
0
γ11
''
β0

.
γm+11
``
.
n−2
βn−2
ZZ
1
β1ww
3 2
β2
oo
• k is the number of m-saturated cycles.
• n− 1 is the number of consecutive relations βiβi−1 (i ∈ {1, · · · , n− 1}).
• n+ t is the number of arrows not belonging to any m-saturated cycle.
• Si n− 1 = α(m− 1) + β (with β < m− 1), then t ≥ n+ ε, where
ε =
{
α− 1, if β = 0 ;
α, if β 6= 0 .
Given a pair (a, b) ∈ N×N, denote by (a, b)∗ the characteristic function of the set {(a, b)} ⊆ N×N.
The following will be useful.
4.3. Proposition. Let N˜ = N˜n1,k1,n2,k2,r be the non-oriented normal form. Then the Avella-
Alaminos and Geiss map, can be written as:
φN˜ = ((m− 1)k1 + n1 + r, n1 − k1)∗ + ((m− 1)k2 + n2 − r, n2 − k2)∗ + (k1 + k2).(0,m+ 2)∗
Proof. Let (Q, I) be the bound quiver associated to the non-oriented normal form. Label the arrows
of Q as follows. Let β0, β1, . . . , βn+k1 be the counterclockwise arrows of the non-oriented cycle not
belonging to any m-saturated cycle, where the source of β0 is 0, the unique source of the quiver, and
βn+k1 . . . β1β0 does not belong to I. Furthermore, let α0, α1, . . . , αr+s+k2 be the clockwise arrows,
where the source of α0 is also 0, αr+s+k2 . . . αr+1αr does not belong to I but αiαi−1 belongs to I
for all i ∈ {1, · · · , r}. For each j ∈ {1, 2 . . . , k2} let γ1j , γ2j , . . . , γm+1j , αr+s+jj be the m + 2 arrows
of the j-th cycle clockwise oriented and for each j ∈ {1, 2 . . . , k1}, let δ1j , δ2j , . . . , δm+1j , βn+jj be the
m+ 2 arrows of the j-th cycle counterclockwise oriented. See definition 4.1.
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The term (k1 + k2) · (0,m+ 2)∗ comes from step (3) of the algorithm 1.3.
We start the algorithm with the permitted thread H0 = ht(β0), then Π0 = β0 and the permitted
thread sharing source with the forbidden thread Π0 is H1 = α0. The algorithm can be summarized
in the following table:
H0 = ht(β0) Π0 = β0
H1 = α0 Π1 = pt(α0)
H2 = α1 Π2 = pt(α1)
...
...
Hr = αr−1 Πr = pt(αr−1)
Hr+1 = δ
1
k1
· αr+s+k2 · · ·αr Πr+1 = pt(δ1k1 )
Hr+2 = δk21 Πr+2 = pt(δ2k1 )
...
...
Hr+m = δ
m
k1
Πr+m = pt(δmk1 )
Hr+m+1 = δ
1
k1−1 · δm+11 Πr+m+1 = pt(δ1k1−1)
Hr+m+2 = δ
2
k1−1 Πr+m+2 = pt(δ2k1−1)
...
...
Hr+2m = δ
m
k1−1 Πr+2m = pt(dmk1−1)
...
...
Hr+(k1−1)m+1 = δ
1
1 · δm+12 Πr+(k1−1)m+1 = pt(δ11)
Hr+(k1−1)m+2 = δ
2
1 Πr+(k1−1)m+2 = pt(δ21)
...
...
Hr+k1m = δ
m
1 Πr+k1m = pt(δm1 )
Hr+k1m+1 = δ
m+1
1 Πr+k1m+1 = βn
Hr+k1m+2 = hs(βn) Πr+k1m+2 = βn−1
...
...
Hr+k1m+n = hs(β2) Πr+k1m+n = β1
Hr+k1m+n+1 = hs(β1) = H0
The only forbidden threads of non-zero length are the arrows βi with 0 ∈ {1, · · · , n}. Then, we get
the pair (r+k1m+n+1, n+1), and since n+1 = n1−k1, we obtain the pair (r+(m−1)k1+n1, n1−k1).
Since not all permitted threads have been considered, we continue the algorithm with the per-
mitted thread H0 = γ1k2βn+k1 · · ·β0. The following table summarizes this part of the algorithm.
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H0 = γ
1
k2
βn+k1 · · ·β0 Π0 = pt(γ1k2 )
H1 = γ
2
k2
Π1 = pt(γ2k2 )
...
...
Hm−1 = γmk2 Πm−1 = pt(γmk2 )
Hm = γ
1
k2−1 · γm+1k2 Πm = pt(γ1k2−1)
Hm+1 = γ
2
k2−1 Πm+1 = pt(γ2k2−1)
...
...
Hm+(m−1) = γmk2−1 Πm+m−1 = pt(δmk1 )
H2m = γ
1
k1−1 · γm+11 Π2m = pt(γ1k1−1)
...
...
H(k2−1)m = γ
1
1 · γm+12 Π(k2−1)m = pt(γ11)
H(k2−1)m+1 = γ
2
1 Π(k2−1)m+1 = pt(γ21)
...
...
H(k2−1)m+(m−1) = γ
m
1 Πk2m−1 = αr+s
Hk2m = hs(αr+s) Πk2m = αr+s−1
...
...
Hk2m+s−1 = hs(αr+2) Πk2m+s−1 = αr+1
Hk2m+s = hs(αr+1) Πk2m+s = αr · · ·α0
Hk2m+s+1 = H0
The only forbidden threads of non-zero length are the s arrows αr+i with i ∈ {1, · · · , s} of length
1 and the path αr · · ·α0 of length r + 1. Then we get the pair (mk2 + s+ 1, s+ r + 1). Using the
equation s+ r + 1 = n2 − k2 we rewrite this pair as ((m− 1)k2 + n2 − r, n2 − k2).
Since all permitted threads have been considered, the algorithm ends. 
4.4. Corollary. Let N = N˜n1,k1,n2,k2,r and N ′ = N˜n′1,k′1,n′2,k′2,r′ be two derived equivalent normal
forms. Then |r| ≡ |r′| (mod m).
Proof. Since N and N ′ are derived equivalent we have φN = φN ′ . From φN we get, in particular,
the pairs ((m−1)k1 +n1 + r, n1−k1) = (mk1 + r+n+ 1, n+ 1) and ((m−1)k2 +n2− r, n2−k2) =
(mk2 + s+ 1, r+ s+ 1) and, in consequence, the numbers mk1 + r+n+ 1− (n+ 1) = mk1 + r and
mk2 + s+ 1− (r + s+ 1) = mk2 − r. Doing the same with φN ′ we get the numbers mk′1 + r′ and
mk′2 − r′. Considering these numbers modulo m we get the set {r,−r} for N and the set {r′,−r′}
for N ′. We conclude that |r| ≡ |r′| (mod m). 
4.5. Proposition. Let Bk,n,t be the oriented normal form. Then,
φBk,n,t = (n− 1, 0)∗ + (t+mk + 1, n+ t)∗ + k · (0,m+ 2)∗
Proof. Let (Q, I) be the bound quiver associated to the oriented normal form. Label the arrows of
Q as follows. For each j ∈ {1, 2 . . . , k} let γ1j , γ2j , . . . , γm+1j , αn+t+k−j be the m + 2 arrows of the
j-th m-saturated cycle. Let β0, β1, . . . , βn−1 and αn, . . . , αn+t−1 be the arrows not belonging to any
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m-saturated cycle, where βiβi−1 belongs to I for all i ∈ {1, · · · , n− 1} and αn . . . αn+t−1 does not
belong to I. See definition 4.2.
We begin the algorithm with the permitted threads H0 = β0αn+t+k−1 · · ·αnβn−1. Then,
H0 = β0αn+t+k−1 · · ·αnβn−1 Π0 = p1
H1 = β1 Π1 = p2
...
...
Hn−2 = βn−2 Πn−2 = pn−1
Hn−1 = H0
and we get the pair (n− 1, 0).
We continue the algorithm with the permitted thread H0 = hn. Then,
H0 = hn Π0 = βn−1 · · ·β0
H1 = γ
1
1 Π1 = pt(γ11)
H2 = γ
2
1 Π2 = pt(γ21)
...
...
Hm = γ
m
1 Πr = pt(γm1 )
Hm+1 = γ
1
2 · γm+11 · · ·αr Πm+1 = pt(γ12)
Hm+2 = γ
2
2 Πm+2 = pt(γ22)
...
...
H2m = γ
m
2 Π2m = pt(γm2 )
H2m+1 = γ
1
3 · γm+12 Π2m+1 = pt(γ13)
...
...
H(k−1)m+1 = γ1k · γm+1k−1 Π(k−1)m+1 = pt(γ1k)
H(k−1)m+2 = γ2k Π(k−1)m+2 = pt(γ2k)
...
...
Hkm = γ
m
k Πkm = pt(γmk )
Hkm+1 = γ
m+1
k Πkm+1 = αn+t−1
Hkm+2 = hn+t−1 Πkm+2 = αn+t−2
...
...
Hkm+t = hn+1 Πkm+t = αn
Hkm+t+1 = hn = H0
The only forbidden threads of non-zero length are the t arrows αn+i with i ∈ {0, · · · , t − 1} of
length 1 and the path βn−1 · · ·β0 of length n. Then we obtain the pair (t+mk + 1, n+ t).
Since all permitted threads have been considered, this part of the algoritm is over. The term
k · (0,m+ 2)∗ comes from step (3) of the algorithm. 
4.6.Corollary. The algebras associated to the normal forms Bk,n,t and N˜n1,k1,n2,k2,r are not derived
equivalent.
Proof. If Bk,n,t is derived equivalent to N = N˜n1,k1,n2,k2,r the functions φN and φBk,n,t must be
identical. We will see that this is impossible. Assume that
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((m− 1)k1 + n1 + r, n1 − k1) = (t+mk + 1, n+ t)
((m− 1)k2 + n2 − r, n2 − k2) = (n− 1, 0)
k · (0,m+ 2) = (k1 + k2) · (0,m+ 2)
Moreover, since the number of arrows is also a derived invariant, we have the equation
n1 + n2 = n+ t+ k(m+ 2)
Then, we have (m−1)k1+n1+r = t+mk+1 = n1+n2−n−2k+1 and r = n2−n+1−2k2−(m+1)k1
which implies that n− 1 = (m− 1)k2 + n2− r = (m+ 1)(k1 + k2) + n− 1 and (m+ 1)(k1 + k2) has
to be zero. Then, k1 = k2 = k = 0 and since n2 − k2 = 0 we obtain n2 = 0, which is absurd.
If instead we assume that
((m− 1)k1 + n1 + r, n1 − k1) = (n− 1, 0)
((m− 1)k2 + n2 − r, n2 − k2) = (t+mk + 1, n+ t)
k · (0,m+ 2) = (k1 + k2) · (0,m+ 2)
an analogous computation gives the absurdity n1 = 0. 
5. Toward the reduction to Normal Form
The idea is to apply a sequence of mutations that remove the relations of a solar algebra that
lie outside the m-saturated cycles. In fact, every external union relation can be removed but the
internal union relations can only be removed by pairs, one in the clockwise sense with other in the
counterclockwise sense, as in the case of iterated tilted algebras of type A˜, see [4]. At the same
time we want to move every ray of a solar algebra into the root cycle.
In the sequel we adopt the following convention concerning decorations on the names of vertices:
a
, a ,
a
or a means that the vertex a belongs to the root cycle.
Let ρ be an (external or internal) union relation and R the corresponding ray. The following
lemma (and its dual) allow to assume that the linear part of the ray is all oriented in the sense of
the arrow adjacent to the root cycle.
5.1. Lemma. Let γ be the first arrow of the ray oriented in the opposite direction of the root cycle
adjacent arrow.
(a) Assume that R is outgoing to the root cycle and ρ is an external union relation. Then, the
gentle bound quiver
d

· · · .oo γ // c1 c2oo cn coo
ρ
boo

a
is tilting-cotilting equivalent to the gentle bound quiver
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d
· · · .oo c1oo c2oo cn−1 cnoo
ρ
coo
γ′
b

a
(b) Assume that R is incoming to the root cycle and ρ is an internal union relation. Then, the
gentle bound quiver
x

c

c1oo c2oo cn−1 cnoo
γ
// . · · ·oo
z
is tilting-cotilting equivalent to the gentle bound quiver
x

c1

c2oo cn−1 cnoo .oo · · ·oo
c
z
OO
Proof.
(a) Apply the sequence of mutations σcn · · ·σc1 to move n places to the right the arrow γ.
Finally apply the mutation σc to take the arrow γ onto the root cycle.
(b) Apply the sequence σ′c1 · · ·σ′cn to move n places to the left the arrow γ. Finally applying
σ′c we take γ inside the root cycle.

5.1. External union relations. We are now able to describe the sequence of mutations that
allows to remove the external union relations. We start with an external union relation whose
corresponding ray is outgoing to the root cycle. If the ray is incoming then the process is dual.
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5.2. Lemma. The gentle bound quiver
a

c1 c2oo cn−1 cnoo
ρ
boo

b1
is tilting-cotilting equivalent to the gentle bound quiver
a

cn

...

c2

c1

b

b1
Proof. Apply the the sequence σc2 · · ·σcn to move the arrows not involved in ρ into the root cycle.
Finally, to remove the relation ρ and take the involved arrow inside the root cycle apply σc1 . 
If we are given a solar algebra A = kQ/I with an external union relation ρ whose corresponding
ray R does not have m-saturated cycles, the previous lemmas show how to obtain an algebra
A′ = kQ′/I ′ which is tilting-cotilting equivalent to A. Moreover in (Q′, I ′) there is one relation less
than in (Q, I), namely the relation ρ and the ray R was moved into the root cycle. Thus, it remains
to see how to remove an external union relation such that the corresponding ray has m-saturated
cycles.
In the sequel every oriented cycle is an m-saturated cycle.
5.3. Lemma. The gentle bound quiver
18 V. GUBITOSI
a

cm // cm+1
$$
c
yy
ρ
boo
c2 c1oo
b1
is tilting-cotilting equivalent to the gentle bound quiver
a

cm+1

cm−1 // cm
&&
c

b
xx
c2 c1oo
b1
Proof. Apply the sequence σcm+1σc. 
Thus, until now, we know how to eliminate the external union relations and move the corre-
sponding rays into the root cycle using mutations.
5.2. Internal union relations. Let ρ be an internal union relation and R the corresponding ray.
Now, we want to see how to move the ray R into the root cycle. We start with R having a non-empty
linear part. In light of lemma 5.1, we can assume that all arrows in this linear part are oriented in
the same direction.
5.4. Lemma. The gentle bound quiver
x

c1 .

. .

.
a1

a2oo .oo . anoo
>>
C1 .

HH
C2 .

.
HH
Cr .
cm+1
__
. .
VV
.
VV
.
z
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is tilting-cotilting equivalent to the gentle bound quiver
x
a1

OO
a2
.

c1 .

. .

. .

an−1
88
C1 .
II

C2 .

.
II
Cr .

an

OO
cm
ff
. .
VV
. .
VV
.
cm+1

z
Proof. Use the sequence σan−1 · · ·σa1 to move inside the root cycle the linear part of the ray. Then
apply σan to move the m-saturated cycle C1 inside the root cycle. 
5.5. Remark. Observe that in light of lemma 3.4 we can assume that the cycles C1 and C2 are
attached at the vertex cm. Then we can move C2 in such a way that it shares one arrow with the
root cycle by applying the mutation σ′cm :
20 V. GUBITOSI
x
a1
OO
.

an−1 // c1
cm−1
ssan
OO

cmoo

bm+2
kk
cm+1

C2
b2 // b3
z
σ′cm7−→
x
a1
OO
.

an−1 // c1
cm−1
ttcm
OO
**
b2oo
b3
C2
an

OO
bm+2oo
cm+1

z
If we have more than two cycles then iterating the process we will have every cycle sharing an
arrow with the root cycle.
It remains to see the particular case where the ray R does not have a linear part, that is, when
the ray only has m-saturated cycles.
5.6. Lemma. The gentle bound quiver
a

bm+1
{{
bmoo
b

##
C
b1 // b2
c
is tilting-cotilting equivalent to a gentle bound quiver having the cycle C sharing only one arrow
with the root cycle.
Proof. We have to consider the following cases:
(1) If there is no internal relation involving the vertex a, apply the mutation σb to get the
bound quiver
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b1 // b2
a
99
b
OO

bm
dd
bm−1oo
bm+1

c
(2) If there is no internal relation involving the vertex c, apply the mutation σ′b to obtain the
bound quiver
a

b1

b2 // b3
b
::
c
OO
bm+1
dd
bmoo
(3) If there are relations involving the vertices a and c, to start, assume that at the vertex c
there is no other m-saturated cycle C′ attached. If this is the case then we work with the
cycle C′ instead of the cycle C.
Since the vertices a, b and c are on a non-oriented and a non-saturated cycle, we cannot
have a path from c to a with internal relations involving each vertex. Thus, there is a vertex
cn where the path starting at c stops having internal relations. That is:
c // c1 // · · · // cn−2 // cn−1 // cn
Now we move the cycle C to the vertex cn applying n times the mutation σ′b:
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a

bm+1
yy
bmoo
b

&&
C
b1 // b2
c

c1


cn−1

cn
σ′b7−→
a

b1

c
{{
bm+1oo
b

##
C
b2 // b3
c1


cn−1

cn
and we are in a situation similar to that of case 2.

5.3. Moving the m-saturated cycles. In order to get an algebra having the normal form we
need to move closer together the m-saturated cycles that we have moved into the root cycle.
5.7. Lemma. Let (Q, I) be a bound solar quiver without rays where each m-saturated cycle shares
just one arrow with the root cycle. Then (Q, I) is tilting-cotilting equivalent to a bound quiver such
that whenever two neighbouring m-saturated cycles are connected by a path they end up connected
by a vertex.
Proof. Assume that C and B are two neighbouring m-saturated cycles such that the length of the
path between them is at least one. If this path does not have a relation involving the first arrow the
quiver looks like one of the quivers on the left which, applying the sequence of mutations described
below, changes to one of the right:
cm
		
c1 bm+1 b2
e // c
TT
// d b b1
σ′d(σ
′
cm
σ′c)···(σ′c1σ
′
c)7−→
cm−1

c1 bm+1 b2
cm // c // d
TT
b b1
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c2 cm+1

b1 bm
c1
II
coo // d b bm+1
σ′c7−→
c2 cm+1

b1 bm
c1 // c
JJ
doo b bm+1
Note that the cycles that are drawn without orientation can be oriented arbitrarily. If instead, the
path has a relation involving the first arrow the quiver looks like one of the quivers on the left
which, applying the sequence of mutations described below, changes to one of the right:
c2 cm+1

b1 bm
c1
II
coo // a // d b bm+1
σ′2c7−→
bm b1 a

c3
bm+1 d b // c
TT
c2oo c1oo
cm c1 a1 am

cm+1 c d // a // b
JJ
am+1oo
σ2b7−→
cm c1 a am−1

cm+1 c d
JJ
b //oo am // am+1
Thus, the length of the path between C and B decreases by 1 in the first case and by 2 in the
second. If needed we can move the relations over the path using:
aj−2 // aj−1 // aj // aj+1 //
σaj−17−→ aj−2 // aj // aj−1 // aj+1 //
and iterate the process. 
5.4. Rays without union relations. There remains the case where a ray is attached to the
root cycle without an union relation. That is, through an m-saturated cycle. An iteration of the
following lemma (and its dual) and remark 5.5 allows to move such a ray into the root cycle.
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5.8. Lemma. The gentle bound quiver
b1 // b2
a
>>
c
OO
b
__

bm−1oo
bm
is tilting-cotilting equivalent to the gentle bound quiver
b1 // b2
a
>>
b
OO
bm
^^
bm−1oo
c
OO
Proof. We apply σ′b to move the arrow b→ bm inside the root cycle. 
Observe that the proof still works if the vertices b1, · · · , bi (where 1 ≤ i ≤ m− 1) belong to the
root cycle.
We are interested in reducing any solar algebra to an algebra having a normal form. In these
algebras every m-saturated cycle shares with the root cycle just one arrow. In light of the preceding
result, we know that when we move onto the root cycle a ray having m-saturated cycles we do it
in such a way that that condition holds. There remains to see the particular case where there are
m-saturated cycles attached directly to the root cycle but sharing with it more than one arrow.
After remark 2.2 we know that if an m-saturated cycle shares with the root cycle k − 1 arrows
counterclockwise oriented and m + 2 − k + 1 arrows clockwise oriented, then we are in one of the
following cases:
(a) there are at least k − 2 clockwise internal relations or at least m+ 2− k counterclockwise
internal relations.
(b) there is anotherm-saturated cycle sharing with the root cycle k−1 arrows clockwise oriented
and m+ 2− k + 1 arrows counterclockwise oriented.
If the condition (a) holds, then after moving some arrows and relations, we can assume that we
have the following situation:
bk−1 // bk−2 // bk−3 b2 // b1 // c1
**
c2oo c3oo ck−2 ck−1oo ckoo
cm+2 ck+1
33
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where the vertices bk−1 and ck belong to the root cycle. Then, an iteration of the following
lemma gives the claim.
5.9. Lemma. A gentle bound quiver as above is tilting-cotilting equivalent to the gentle bound quiver
bk−1 // bk−2 // bk−3 b2 // c2 // c1
$$
c3oo ck−2 ck−1oo ckoo
b1 // cm+2 ck+1
99
Proof. We apply the sequence of mutations σc2σc1 . 
If instead (b) holds, we can assume that both m-saturated cycles share a vertex. Then, an
iteration of lemma 3.4 gives us the claim.
6. Proof of the Main Theorem
We start providing the procedure to reduce any A˜-branched algebra to the normal form, defined
in section 4, using the local mutations from section 1.3.
6.1. Proposition. Let A be an A˜-branched algebra. Then, A is tilting-cotilting equivalent to an
oriented or non-oriented normal form.
Proof. We can assume that A is a solar algebra, then the result follows upon executing the following:
Algorithm.
Step 1: For each external union relation move the involved ray onto the root cycle removing
the relation at the same time using lemmas 5.1, 5.2, and 5.3.
Step 2: For each internal union relation move the involved ray into the root cycle using
lemmas 5.1 and 5.4 and remark 5.5.
Step 3: For each ray without union relations move the ray into the root cycle using lemmas
5.6 and 5.8.
Step 4: Move the m-saturated cycles closer together using lemma 5.7.
Step 5: Move together the clockwise m-saturated cycles:
am
		
a1 b1 bm

cm
		
c1
a // b
UU JJ
coo // d
UU
σ′c7−→
am
		
a1 cm c1

b1



bm
a // b //
UU II
c d
UU
oo
Doing this we also move the counterclockwise cycles together.
Step 6: Move the clockwise arrows together:
a // b c //oo d
σ′b7−→ a b //oo c // d
Step 7: Move the relations:
aj−2 // aj−1 // aj // aj+1 //
σaj−17−→ aj−2 // aj // aj−1 // aj+1 //
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Step 8: After iterating as many times as necessary steps 6 and 7, we can assume that the
linear part (the one without m-saturated cycles) looks like:
c
  .

.
.

.
. .
and remove the internal relations by pairs (one in the clockwise direction with another
in the counterclockwise direction):
c

b2

b1

a2 a1
σ′b2σ
′
b1
σ′c7−→
c

b1

b2

a2 a1
Note that we do not need to have the same number of clockwise and counterclockwise
relations. Thus, if αh is the number of clockwise internal relations and αa the number of
counterclockwise internal relations we will finally have |αh − αa| relations in the direction
of the bigger number.

The normal forms are not necessarilym-cluster tilted algebra of type A˜. For instance, the normal
forms can have more than m − 1 consecutive relations. The following corollary shows how to get
an m-cluster tilted algebra of type A˜ tilting-cotilting equivalent to the normal forms.
6.2.Corollary. Let A be an A˜-branched algebra, then A is tilting-cotilting equivalent to an m-cluster
tilted algebra of type A˜.
Proof. We know that A is tilting-cotilting equivalent to an algebraN with the normal form (oriented
or not). Let r be the number of consecutive relations in N . We can write r = α(m − 1) + β with
β < m−1. The condition (c) from the definition of A˜-branched algebra says that there are r+1+ε
arrows not belonging to any m-saturated cycle, where
ε =
{
α− 1, if β = 0 ;
α, if β 6= 0 .
Then, using the procedure described in step 7 of the previous algorithm we can move the relations
in order to form α sets with m−1 consecutive relations and a final set with β consecutive relations.
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Moreover, we can separate each group by only a vertex with no relations involved. These algebras
are always m-cluster tilted of type A˜. 
One of the main results of this paper says that the converse also holds true, namely that the
algebras derived equivalent to, the connected component of, m-cluster tilted algebras of type A˜
having the root cycle are precisely the A˜-branched algebras.
6.3. Proposition. Let B be a connected algebra with a root cycle derived equivalent to an m-cluster
tilted algebra of type A˜. Then B is A˜-branched.
Proof. Since B is derived equivalent to an m-cluster tilted algebra of type A˜, it follows that B is
gentle and derived equivalent to an algebra N = N˜n1,k1,n2,k2,r or Bk,n,t where |r| ≡ 0 modulo m
for the first case and n− 1 ≡ 0 modulo m (but n− 1 6= 0) for the second case.
Assume that the difference between the numbers of clockwise and counterclockwise internal
relations for B is r′. Then, the algorithm of proposition 6.1 implies that B is derived equivalent to
an algebra N˜n′1,k′1,n′2,k′2,r′ ; if the root cycle is not oriented or an algebra Bk′,r′+1,t′ ; if it is oriented.
Hence, if B is derived equivalent to an algebra N˜n′1,k′1,n′2,k′2,r′ , corollary 4.4 gives that |r′| ≡ |r|
modulo m and since N is derived equivalent to an m-cluster tilted algebra of type A˜, we conclude
that |r′| ≡ |r| ≡ 0 modulo m. Now, assume that B is derived equivalent to Bk′,r′+1,t′ . It remains
to show that the root cycle of B has at least one relation. This follows directly from the equality
φB = φBk,n,t .
Finally, write r′ = α(m− 1) + β (with β < m− 1) with
ε =
{
α− 1, if β = 0 ;
α, if β 6= 0 .
and assume that r′ > 0 (equivalently, the relations are in the clockwise sense). If we do not have
at least r′+ 1 + ε arrows on the root cycle clockwise oriented and not belonging to any m-saturated
cycle, then the r′ relations cannot be separated into sets with at most m− 1 consecutive relations.
In consequence, B cannot be derived equivalent to an m-cluster tilted algebra of type A˜. 
We are now able to state and prove the main theorem of this paper. Observe that Theorem A
in the Introduction is precisely the equivalence between conditions (a) and (d).
6.4. Theorem. Let A be a connected algebra with a root cycle. Then the following conditions are
equivalent.
(a) A is an A˜-branched algebra.
(b) A is tilting-cotilting equivalent to an algebra N˜n1,k1,n2,k2,r or Bk,n,t.
(c) A is derived equivalent to an algebra N˜n1,k1,n2,k2,r or Bk,n,t.
(d) A is derived equivalent to an m-cluster tilted algebra of type A˜.
Proof.
(a) implies (b). This is proposition 6.1.
(b) implies (c). This is immediate, since Happel showed in [19] that if two algebras are
tilting-cotilting equivalent then they are derived equivalent.
(c) implies (d). This follows from corollary 6.2 since the normal forms are themselves
A˜-branched algebras.
(d) implies (a). Follows from proposition 6.3.

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7. Further consequences
7.1. Cluster tilted algebras of type A˜. Propositions 4.5 and 4.3 together with Theorem 6.4
enable us to recover the classification of the algebras derived equivalent to cluster tilted algebras
of type A˜, of Bobiński and Buan [9, Theorem B]. Note however that we additionally obtained an
explicit description of the bound quiver of such an algebra. The conditions characterizing those
bound quivers are really easy to verify, for no computations are required, as in [9, Theorem B],
which we can easily recover.
7.1. Corollary. Let A be a gentle algebra. Then A is derived equivalent to a cluster tilted algebra
of type A˜ if and only if there exist natural numbers m1,m2, p, q such that p+m1 > 0, q +m2 > 0
and
φA = (m1 +m2).(0, 3)
∗ + (p+m1, p)∗ + (q +m2, q)∗
Proof. Assume A is derived equivalent to a cluster tilted algebra of type A˜. From Theorem 6.4, A is
derived equivalent to an oriented or non-oriented normal form, and m = 1. Then, use Proposition
4.3 (or 4.5) with m1 = k1 + r, m2 = k2 − r, p = n1 − k1 and q = n2 − k2 (or m1 = n − 1,
m2 = k + 1− n, p = 0 and q = n+ t, respectively).
On the other hand, assume A = kQ/I is gentle such that φA = (m1 +m2).(0, 3)∗+(p+m1, p)∗+
(q +m2, q)
∗. Since φA(0, 3) = m1 +m2, in (Q, I) there are exactly m1 +m2 1-saturated cycles. In
addition, [9, Lemma 7.2] gives that A is an algebra with root, and since A˜-branched algebras for
m = 1 are exactly algebras with root we are done. 
7.2. Derived equivalence classification. Here we provide a complete classification of m-cluster
tilted algebras of type A˜ up to derived equivalence and specializing to the case m = 1 we recover
the main result of Bastian [8, Theorem 5.5].
Let (Q, I) be the quiver of an m-cluster tilted algebra of type A˜. We define five parameters
s1, s2, k1, k2 and r for (Q, I) as follows:
7.2. Definition. Let s1 be the number of arrows which are not part of any m-saturated cycle and
which fulfill one of the following conditions:
a) These arrows are part of the root cycle and they are oriented in the counterclockwise
direction.
b) These arrows belong to a ray attached to the root cycle by a counterclockwise internal
union relation and this relation does not involve the arrows.
c) These arrows belong to a ray attached to the root cycle by a clockwise internal union
relation and this relation involve the arrows.
d) These arrows belong to a ray attached to the root cycle by a counterclockwise external
union relation or a ray without union relations.
Let k1 be the number of m-saturated cycles which fulfill one of the following conditions:
a) These cycles share one arrow α with the root cycle and α is oriented in the counterclockwise
direction.
b) These cycles belong to a ray attached to the root cycle by a clockwise internal union relation.
c) These cycles belong to a ray attached to the root cycle by a counterclockwise external union
relation or a ray without union relations..
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Similary we define the parameters s2 and k2 permuting the words ’counterclockwise’ and ’clock-
wise’.
Let r be the number of clockwise internal relations less the number of counterclockwise internal
relations. (Note that as in the Normal form the relations are clockwise oriented if r > 0 and are
counterclockwise oriented instead).
7.3. Lemma. Let N = N˜n1,k1,n2,k2,r be a normal form. Assume that r = mx+r′, then N is derived
equivalent to N˜n1,k1+x,n2,k2−x,r′ .
Proof. Use Lemma 5.9 to change the direction of x clockwise m-saturated cycles. 
Now, we are ready to show the main result about derived equivalence classification of cluster
tilted algebras of type A˜.
7.4. Theorem. Let A and B be two m-cluster tilted algebras of type A˜. Denote by s1, s2, k1, k2 and
r ( or s′1, s′2, k′1, k′2 and r′ ) the parameters for A (for B, respectively). Then, A and B are derived
equivalent if and only if s1 = s′1, s2 = s′2, k1 + k2 = k′1 + k′2 and r− r′ = m(k′1 − k1) = m(k2 − k′2).
Proof. Let NA be the normal form derived equivalent to A and NB the normal form derived
equivalent to B. Assume A is derived equivalent to B, then NA is derived equivalent to NB and
hence φNA = φNB . Then using proposition 4.3 or 4.5 we get the four equalities listed above.
Conversly, assume that the parameters for A and B satisfy the equations s1 = s′1, s2 = s′2,
k1 + k2 = k
′
1 + k
′
2 and r− r′ = m(k′1− k1) = m(k2− k′2). It is enough to show that NA and NB are
derived equivalent. We can assume without loss of generality that the normal forms are non-oriented.
Then, we know that NA = N˜s1+k1,k1,s2+k2,k2,r. Since r − r′ = m(k′1 − k1) = m(k2 − k′2), lemma
7.3 implies that NA is derived equivalent to N˜s1+k1+x,k1+x,s2+k2−x,k2−x,r′ = N˜s′1+k′1,k′1,s′2+k′2,k′2,r′ =
NB . 
7.3. Avella-Alaminos and Geiss derived invariant. It was not known in general whether or not
φ is a complete invariant for gentle algebras. It was shown in [7] that if A and A′ two algebras whose
quivers have Euler characteristic 1 are such that φA = φA′ , then A and A′ are derived equivalent,
and a similar result in [6]. Further, Bobiński and Buan showed in [9] that φ is a complete invariant
for cluster tilted algebras and Bustamante and Gubitosi in [14] proved that this is also the case for
m-branched algebras. Now we show that for the family of A˜-branched algebras, φ is not a complete
invariant.
7.5. Example. Fix m = 2 and let A and B be two A˜-branched algebras with the normal forms
N˜6,4,5,3,1 and N˜7,5,4,2,−1 respectively. Remember that, as usual, dotted lines mean relations, and
each oriented 4-cycle is 2-saturated.
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˜
N
6,4,5,3,1
˜
N
7,5,4,2,−1
Then φ
A
= φ
B
but clearly A and B are not derived equivalent.
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